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Abstract 

This is a short companion paper to [16]. We construct an integrable system on 
an open subset of a Fano manifold equipped with a toric degeneration, and compute 
the potential function for its Lagrangian torus fibers if the centrai fiber is a toric 
Fano variety admitting a small resolution. 

1 Introduction 

An integrable system is a set of functions on a symplectic manifold (M, w) of 

dimension 2N which are functionally independent and mutually Poisson-commutative; 

= 0, t,j = l,...,N. 

Here, a set of functions on a manifold M is said to be functionally independent 

if there is an open dense subset U <Z M where the differentials {d^i}fLi are linearly 
independent. An integrable system defines a Hamiltonian action on M, and 

any regular compact connected fìber of $ = ($i, . . . , : M — > M.^ is a torus by the 
Arnold-Liouville theorem. 

For a Lagrangian submanifold L in a symplectic manifold, the cohomology group 
H*{L;Aq) with coefììcient in the Novikov ring Aq has a structure of a weak Aoo-algebra 
by the fundamental work of Fukaya, Oh, Ohta and Ono [lOj. A solution to the Maurer- 
Cartan equation 

oo 

J2^k{b,...,b) =0 mod PD([L]) 

fc=0 

is called a weak bounding cochain, which can be used to define the deformed Floer coho- 
mology. The potential function is a map : Ai (L) — > Aq from the moduli space Ai {L) 
of weak bounding cochains such that 

oo 

^m,(ò,...,ò)=q3D(6)-PD([L]). 

k=0 

The moment map for the torus action on a toric Fano manifold with respect to a 
torus-invariant Kàhler form provides an example of an integrable system. The potential 
function for its Lagrangian torus fìber is computed by Cho and Oh [5j and Fukaya, Oh, 
Ohta and Ono [7]. 

We discuss the foUowing problem in this paper: 
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Problem 1.1. 

1. Which Fano manifold admits a structure of an integrable system? 

2. Compute the potential function for Lagrangian torus fibers in such cases. 

Motivateci by the work of Batyrev et al. |21 El S] , we assume that a Fano manifold X 
has a toric degeneration, so that there is a fiat family 

of projective varieties over some base B containing two points and 1 such that Xf is 
smooth for general t G -B, Xi is isomorphic to X and the centrai fiber Xq is a toric 
variety. Choose a piecewise smooth path 7 : [0, 1] — ì- i? such that 7(0) = 0, 7(1) = 1 
and X^(t) is smooth for t G (0, 1]. Then the symplectic parallel transport along 7 gives a 
symplectomorphism 

7 : X^^^ ^ Xf s 

from the regular locus Xq'^^ of Xq to an open subset Xl^^ of Xi. By transporting the toric 
integrable system 

$0 : Xo ^ 

to X['^^ by 7, one obtains an integrable system 

$ = $007-!: Xfs ^ 

on X['^. Let 

ii{u) = {Vi,u) - Ti 

he the affine functions defining the faces of the moment polytope; 

A = %{Xo) = {ueR^ \ iiiu) > 0, i = l,...,m}. 
The proof of [TOl Theorem 10.1] immediately gives the following: 

Theorem 1.2. Assume that Xq is a Fano variety admitting a small resolution. Then for 
any u G Int A, one has an inclusion 

H\L{uy,Ao) C M{L{u)) 

for the Lagrangian torus fiher L{u) = ^^^{u), and the potential function is given by 

m 

1=1 

for X e H^{L{u), Aq). 

As a corollary, one obtains a non-displaceable Lagrangian torus just as in |7j, Theorem 
1.5]: 



2 



Corollary 1.3. If a Fano manifold X admits a fiat degeneration into a torio Fano variety 
with a small resolution, then there is a Lagrangian torus L in X satisfying 

ip{L) n L ^ 

for any Hamiltonian diff'eomorphism ip : X ^ X . 

The organization of this paper is as foUows: In Section |2l we illustrate Theorem 11.21 
with an example of a toric degeneration. In Section [31 we discuss toric degenerations 
of quadric hypersurfaces and their relation with Gelfand-Cetlin systems for orthogonal 
groups. In Section HI we show that the vanishing cycle on the quadric surface with 
respect to the degeneration into the weighted projective piane P(l, 1,2) is the image of 
the anti-diagonal Lagrangian submanifold in x by the Segre embedding. In Section 
O we discuss an alternative approach to compute the potential function for a Lagrangian 
torus in S"^ x 5*^ originally due to Auroux [T] and Fukaya, Oh, Ohta and Ono [S], which 
can also be applied to cubie surfaces. 



2 Complete intersection of two quadrics in 

It is known by Newstead [H] and Narasimhan and Ramanan [13j that the moduli space 
of stable rank two vector bundles with a fìxed determinant of odd degree on a genus two 
curve defined as the doublé cover of branched over {cjq, . . . , cjs} C C is a complete 
intersection X = Qi H (^2 of two quadrics 

i=0 

and 

5 

Q2 : E Uizf = 

i=0 

in P^. Since the total Chern class of the tangent bundle Tx is given by 

c(iVx/p5) (1 + 2uy 

the top Chern class and hence the Euler number of X vanishes. Since the cohomology ring 
of a complete intersection is non-trivial only at the middle dimension, the cohomology 
group of X has rank eight. We equip X with the Kàhler form cu = AcjfsIx where A > 
and ups is the Fubini-Study form. 

Fano complete intersections in projective spaces admit several toric degenerations in 
general. In the case of two quadrics as above, one possible degeneration is the complete 
intersection of 

zqZi = Z2ZS and Z2Z3 = Z4Z5, 
which has a torus action given by 

[zq : Zi : Z2 : Z3 : Z4 : Z5] ^-^ [azo : f3zi : 7^2 : a/S^'^^Zs : a/3z4 : 25], 
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so that the moment polytope is the convex hull of 

{(A, 0, 0), (0, A, 0), (0, 0, A), (A, A, -A), (A, A, 0), (0, 0, 0)}, 

which is an octahedron. The centrai fiber has six ordinary doublé points and admits a 
small resolution. The defining inequalities for the moment polytope are 



((0,l,l),n) >0, 

((-i,o,o),m) + a > 0, 

((0,-1,0),m) + A > 0, 
((1,0,1),m) >0, 
((0,1,0),m)>0, 
((-1,0,-1),m) + A >0, 
((0,-l,-l),u) + A >0, 
((1,0,0),m) >0, 



so that the potential function is given by 



^X2+X3rpU2 + Us _|_ ^-Xirp-Ui+X _|_ ^-X2rp-U2+X _j_ ^Xi+X^ rpUi+U^ _|_ ^X2rpU2 



_j_ ^-Xl-X^rp-Ui-U-j+X _|_ ^-X2-X3rp-U2-U:i+\ _|_ ^X^rpUi 



2/22/3 H \ \- ym + 2/2 H 

2/1 2/2 2/12/3 



+ 



Q_ 

2/22/3 



2/1- 



By equating the partial derivatives 

dyi 
dy2 
dys 



2 + ^3 2 ^ 1' 

2/r 2/r2/3 

2/3 2~' 

2/2 2/22/3 



2/2 + 2/1 



g g 



2/i2/Ì 



2/22/1 



with zero, one obtains non-isolated criticai points defined by 

2/2 = -2/1, and 1/3 = -1, 

2/2 = -2/1, and 2/3 = —, or 

2/1 

t/2 = —, and ?/3 = -1, 
2/1 

and four non-degenerate criticai points defined by 

g^ 

The valuations of the latter four criticai points are given by 

(«1,^2,%) = (A/2, A/2,0), 

and lies in the interior of the moment polytope. The existence of non-isolated criticai 
points whose valuations lie in the moment polytope implies the existence of a continuum 
of non-displaceable Lagrangian tori. See Fukaya, Oh, Ohta and Ono [HI Theorem 1.1] for 
toric examples. 



yt 



yì 

^^=g' 



yì 
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3 Quadric hypersurfaces and Gelfand-Cetlin systems 

Let 

X = {[xi : X2 : ■ ■ ■ : Xn] e P"~^ \ xl + xj + ■ ■ ■ + xl = 0} 

he a quadric hypersurfaces in equipped with a Kàhler forni u = Xupslx (A > 0). In 
this case, we have two families 

X3 = {([xi : ■■■ : Xn\,t) e P"-i xC\xl + xl + xl + t{xl ■■■ + xl+^) = 0} 

and 

= {{[xi : ■ ■ ■ : Xn],t) e P"~i xC\xl + --- + xl + t{xl + ■ ■ ■ + ) = 0} 

whose general fibers are isomorphic to X and special fìbers Xq and Xq are toric Fano 
varieties. The quadric hypersurface Xq of rank four has a small resolution, so that one 
can apply Theorem 11.21 to compute the potential function. When n = 4, Xq = X is 

X P^ and Xq is the weighted projective piane P(l, 1, 2), or equivalently, the blow-down 
of the (-2)-curve in the Hirzebruch surface F2 = P(Cpi © Cpi(2)). 

Let US discuss the degeneration in more detail. Since the centrai fìber is isomorphic 

to 

Xl' = {[x[:---:x'^]er\2x[x', + x'i = 0} 
with the torus action given by 

r / . / . . / 1 r — 1 2 / . / . / . . / ] 

[Xi : X2 '■ ■ ■ ■ '■ Xj^i I > [T2 T3 Xi : T2X2 '■ T3^3 : ■ ■ ■ : T^x^j 
for (r2, T3, . . . , r„) G (S^)"'^^/ (diagonal), its moment map 

: P""^ {(«2, e R""^ \J2ui = l} = 
with respect to Awps is given by 

\ / 1 11 ' I 2I ^Pll ' l-^Sl 1-^41 l-^nl \ 

^T^-<^) = \ ' llx'P 'P^'---'P^J' 

where = XliLi l-'-iP- Since the isomorphism between Xq and Xq' is given by 
/x\\ 



the moment map is written as 



V 



X2 
\XnJ 



in terms of x-coordinates. Now we change the coordinates on the torus so that the moment 
map (z/2, . . . , i^n-i) '■ P""^ — )■ is given by 



\x\ 



A 



Xi 



\x\ 



\x\ 



-, /c = 3, . . . , n — 1. 



Then the moment polytope is defined by 

On the other hand, the fact that X is isomorphic to a generahzed flag manifold 
SO{n)/ S{0{2) X 0{n — 2)) of type B or D enables us to construct a completely integrable 
system on X by using the same method as in yjj. We recali the construction in more 
general setting. Let X = SO{n,C)/P he a generalized flag manifold of type B or D. 
Hereafter we identify the Lie algebra so (ri) of SO{n) with its dual by an invariant inner 
product. Then X can be identified with an adjoint orbit in 5o{n) of a point in the positive 
Weyl chamber, i.e. a matrix of the form 



/ Al 

-Al 



\ 



Xm 
— Xm 



V 



with Al > ■ • • > Am > if n = 2m + 1 is odd, and 

/ Al 

-Al 



v 



Xrr, 

-A™ 



with Al > ■ ■ ■ > Am-i > |Am| if n = 2m is even. For each k < n, we regard SO{k) as a 
subgroup of SO{n) by 



SO{k) 



SO{k) 











C SO{n), 



and write the moment map of its action on X as fiso{k) : X — )■ so(fc). For each x E X, let 
{Xf'\x))i he the intersection of the adjoint orbit of fiso{k){x) G so{k) with the positive 

(k) 

Weyl chamber. Then the collection of the functions A^ for k = 2, . . . ,n — 1 and 1 < i < 
k/2 gives a completely integrable system on X, which is called the Gelfand-Cetlin system. 
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It is easy to see that its image is a polytope defined by 
Al A2 A3 



, (2m) ^ (2m) , (2m) 1 , (2m) 1 

Al A2 ••• A„_i \Am I 

,(2m-l) ,(2m-l) ,(2m-l) 

^1 -^2 ■ ■ ■ '^■m-l 

^(2m-2) >(2m-2) |,(2m-2)| 



Af) Af 



Af) lA^^^I 



Af) 



if n = 2m + 1 is odd, and 

Al A2 • • • A-m-i I Ami 

,(2m-l) ,(2m-l) ,(2m-l) 

^1 -^2 ■ ■ ■ 

,(2m-2) ,(2m-2) |,(2m-2)| 

,{2m-3) ,{2m-3) 



Af) Af 

Af) |A?)| 
Af) 

if n = 2m is even, where 



(2) 



b 

means a > b > c. The polytope defined by ([1]) or ([2]) is called the Gelfand-Cetlin polytope. 

In our situation, X is identified with the orbit of (A > > ■ ■ ■ > 0), and hence A^-'^'' 
are zero except for A^*^^ for A; = 2, . . . , n — 1. In particular, the Gelfand-Cetlin polytope is 



defined by 



A>AS"-^)>--->Af)>|Af)| 



which coincides with the moment polytope of Xq. 

To construct a toric degeneration of the Gelfand-Cetlin system, we introduce a degen- 
eration of X in stages as foUows. For k = n,n — 1, . . . ,3, the (n + 1 — A;)-th stage of the 
degeneration is defined by 

Xk = {{[xi],t) e P"-^ X C I X? + ■ ■ ■ + 4_i + txl = 0}. 

Then the fiber Xk^t over t E C has actions of SO{k) and a subtorus T"-~^ = {(r^+i, . . . ,Tn)}. 
Let Hso{k) '■ P"""*^ — )• 3o{k) he a moment map of the S'0(A;)-action on P"-^ Note that this 
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is a naturai extension of the moment map on X. In terms of the homogeneous coordinates, 
l^so(k) is expressed as 



lJ^SO(k)[.X) 



A point in the positive Weyl chamber corresponding to the image ^soik){x) is also denoted 
by {X[^^ > > ■ ■ ■ > 0). Note that Af^ is given by 



(2) 



-lA(a;ia;2 - X1X2) 



which coincides with 1/2 on P" ^. On the other hand, A^*^^ {k > 3) satisfies 



Ai' 



(fc) 



l<i<j<k 



A Eti \xi 



\x\ 



A Eti 



\x\ 



In particular, A^'^'* coincides with on X^+i = {x\ + ■ ■ ■ + = 0}. Using the same 
argument as in [TB], we obtain the following: 

Proposition 3.1. For each stage, we define 

^k = (Af \ • • • , A^'^ . . . , Vn-i) '■ Xk^t — > I^" ^• 

Then the sequence of $fc together with the gradient-Hamiltonian flow give a torio degen- 
eration of the Gelfand-Cetlin system. 

4 Vanishing cycle on the quadric surface 

In this section, we consider the family de' in the case of n = 4. Note that the embedding 

X = pi X pi P3, ([zo : ^i], K : wi]) ^ [xi : X2 : X3 : X4] 

is given by 

xi = XoVo - XiHi, 

X2 = V^ixoyi - xiyo), 

X3 = XoVi + Xi?/o, 

X4 = y/^{xoyo + xiyi), 

and then the restriction of the Fubini-Study metric wfs to pi x pi coincides with p^upi + 
P2<^pi, where cjpi is the Fubini-Study metric on P^ and : pi x pi — > pi is the i-th 
projection for i = 1,2. The anti-diagonal subset 



L = {([xo : xi], [xo : Xi]) G P^ x P^ | [xq : Xi] G P'} 
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is a Lagrangian sphere with respect to this symplectic form, and its image in is given 
by 

L = {[xi : ■ ■ ■ : x^l \ xf + ■ ■ ■ + x1 = 0, Xi, X2, Xs E M, X4 E \/^M. }. 

Recali that the family is defined by the equation + + a;| + txl = 0. Hence the 
fiber Xt over t G C is given by Xf = f~^{t) for a rational function 



Lemma 4.1. The gradient-Hamiltonian flow of f on P'^ sends L to the singular point of 

Proof. We regard {xi,X2,X3) as a coordinate on {x4 = V— 1} = so that L is given by 

L = {(xi, X2, X3) EM.^\xl + xl + xl = l} C Ci 

Since wps; L, and / are invariant under the naturai 5*0(3, R)-action, it suffices to show 
that the gradient-Hamiltonian flow starting at (1, 0, 0) = [1 : : : E L goes to the 

singular point (0, 0, 0) = [0 : : : -\/— T] E Xq. More precisely, we will show that the 
orbit of the gradient trajectory is given by {x2 = 0:3 = Ima;i = 0}. 
Recali that the gradient-Hamiltonian vector field of / is defined by 

V(Re/) _ eim/ 



|V(Re/)P la^/P 

where V(Re/) is the gradient vector fìeld of Re/, and ^im/ is the Hamiltonian vector 
field of Im/. The flow of V sends a fìber Xt to another one (see [I^). Since 

ujfs = ^^^551og(l + ||xf ) 

is given by 

dxi A dxi V—l sr-^ dxi A dxi 

on {x2 = X3 = 0}, and df = —2^Xidxi = —2xidxi on {0:2 = 0:3 = 0}, the Hamiltonian 
vector field of Im/ has only d/dxi and d/dxi components. This implies that the gradient- 
Hamiltonian flow preserves {x2 = X3 = 0}. Next we take be a polar coordinate xi = 
re^^^. Then we have 

rdr A d9 

and 

Im(d/) = --^(e^^(rfr + y^rdO) - e^^^dr - y/^rdO)) = -Ar^d0 
on {6 = 0, X2 = X3 = 0}. Hence the Hamiltonian vector field of Im/ is given by 

-4r(l+r^)^|-. 

which shows the above claim. □ 
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Remark 4.2. L is the fìxed locus of the antiholomorphic involution 

, : pi X pi ^ pi X P\ {[z^ : Zi], [w^ : ^ ([Wq : I^Ji], [^o : ^i])- 

This involution extends to an involution 

L : P^ — )■ P^, [xi : X2 : X3 : X4] 1 — )■ [xi : X2 : 0^3 : — X4]. 

Since the Fubini-Study metric and Re(/) are t-invariant, the gradient vector field VRe(/) 
is also t-invariant. In particular, VRe(/) preserves the fixed locus (P^)'. This also shows 
that the gradient-Hamiltonian flow sends 

L = (pi X pi)' = Xi n (P^)' 

to the singularity [0 : : : 1] = Xq n (P^)' of Xq = P(l, 1, 2). 

Now a result of Fukaya, Oh, Ohta and Ono shows the following: 

Theorem 4.3 ([6, Theorem 1.9]). The A^o-structure on H*{L;Ao) for the anti-diagonal 
Lagrangian submanifold L satisfies trio = mi = and m2 cari he identified with the quantum 
CUP product on H*{F^;Ao) = H*{L;Ao). 

Since the quantum cohomology ring of P^ is isomorphic to the direct sum of two copies 
of Aq, a standard deformation theory argument shows that the Aoo-structure on H*{L; A) 
is equivalent to the trivial one, so that the idempotent completion of the full triangulated 
subcategory of the derived Fukaya category of P^ x pi generated by L is equivalent to the 
direct sum of two copies of the derived category of A-modules. 

5 Deformation of singular disks in toric weak Fano 
surfaces 

We develop a theory concerning the deformability of singular disks in some toric surfaces. 
Consider a degenerating family tt : X — )■ C of pi x pi to the Hirzebruch surface F2. The 
surface F2 has the unique (— 2)-curve, which we write as D. Since F2 is a toric surface, 
fixing some invariant Kàhler form u, the moment map /i : -F2 — t- A is defined, where A is 
a suitable trapezoid. Take a point u in the interior of A and let L{u) he the fiber of fi 
over u. 

Since the family X is the product F2 x C as a differentiable manifold, u together 
with the standard Kàhler form on C defines a Kàhler form on X, making X — )■ C a toric 
degeneration of integrable systems (the structure of integrable systems on the fibers over 
q E C \ {0} is defined by the puUback of that of F2 by the gradient-Hamiltonian flow 
along some fìxed path 7, which gives a toric degeneration of the Gelfand-Cetlin system 
on pi X pi). Let 7 : [0, 1] ^ C, 7(1) = 0, and let X, be the fìber of vr over 7(5). 

There is a unique family of disks of Maslov index two: 

(D^5l)^(F2,LH) 



10 



which intersect the curve D. Let a G H2{F2, L{u);'Z) he the homology class of their 
images. We consider stable maps 

<^:(C,51)->(F2,L(m)) 

with the following properties. 

• (C, S^) is a prestable bordered Riemann surface of genus zero, one boundary com- 
ponent and without marked point. 

• The homology class of the image is a + k[D], k > 0. 

Pulling back L{u) by the gradient Hamiltonian flow along 7, we have a family of La- 
grangian tori {L{u)s}, s E [0, 1], L{u)i = L{u). The problem we consider is to determine 
when the stable map can be lifted to a stable map to (X^, L{u)s)- 

Let US first consider the case with = 0. The deformation of is controlied by 
the tangent-obstruction complex as usuai, provided the relevant sheaves are replaced by 
Riemann-Hilbert sheaves. Such a deformation theory is developed in [TJ]. We refer to it 
for precise arguments, and here we omit the technicalities. In the case /c = 0, the relevant 
complex in F2 is, 

^ (9^2, 851) -> (P*{Qf,.Ql(u)) ^ ^ 0. 

Here one easily sees that the normal bundle M is isomorphic to the trivial Riemann-Hilbert 
line bundle (C£)2, O^i). 

We try to lift (j) to generic fibers order by order. The obstruction to the lift at each 
step is controlied by 

H\D\S^-U)=Q, 
so the lifts exist in this case. The lifts are locally parametrized by 

i^°(D^5^;A/') = M, 

and clearly the global moduli of the lift is isomorphic to that of 0. Namely, they are 
parametrized by S*^, and the boundary sweeps the fiber L{u)s as we move the maps. 

Now we move to the cases with k > 0. Note that the Maslov indices of the maps are 
two for ali k. 

Consider the case with k = 1. In this case, the domain curve is the one point union 
C = U P^. So the moduli of these maps are the same as the case with /c = 0. 

The tangent-obstruction complex for 0, which do not change the structure of the 
singularity of C is, 

^ e'c ^ (I)*Qf2 -> a^' ^ 0, 

here 0'^^ is the sheaf of tangent vector fields on C, see [T2]. To include the deformation 
which smooth the singularity of C, it sufìices to replace by the logarithmic tangent 
bundle Gc- Then the tangent-obstruction complex becomes 

^ Gc ^ 0*6^2 ^ A/" ^ 0. 

Note that is an invertible sheaf which restricts to 0{1) on the component of C, 
and to the Riemann-Hilbert bundle £ on D^, such that the doubling of £ is isomorphic 
to (9pi(— 1) (the isomorphism class of £ is uniquely determined by this condition). 
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In this case, one sees that TV" is a line bundle, which restricts to 0{—l) on and 
to the Riemann-Hilbert bundle £' on D^, such that the doubhng of £' is isomorphic to 
Opi(l). Then it is easy to see that the obstruction 

H\C, S^;X) 

vanishes, so that 0* lifts in this case, too. 

However, since there is no (— 2)-curve in x P^, the singular point of C has to be 
smoothed, so that the lifts are maps from the disk. 

The tangent space of the moduh is 

H\C,S^]Af)^R, 

as in the case with k = 0. The global moduli is also the samc as this case. 

Finally, we consider the cases with k > 1. As we remar ked above, when there is a lift 
of 4>, the lift has to be a map from the disk. Let us assume there is such a lift ipk- On 
the other hand, let ìpi he a hft of for A; = 1 constructed above. Then the intersection 
number of the images of these maps can be calculated in F2 as foUows: 

{{<P\d^),[D'] + k[D]) ■ ((0|dO*[^'] + m = {k + l) + k- (-2) = 1 - A; < 0. 

However, the lifts ipk and ipi are different holomorphic curves, and it is impossible to have 
negative (locai) intersection. So thcrc is no lift whcn k > 1. This classifies the possibilities 
of the existence of lifts of stable disks for the case of F2. 

The case of (smooth) toric degeneration of cubie surfaces can be calculated with minor 
changes. The centrai fiber (toric surface) has nine boundary components, which is a cycle 
of rational curves with self intersection numbers 

-1,-2,-2,-1,-2,-2,-1,-2,-2. 

Let {D', D") be one of the three pairs of neighboring (— 2)-curves. The liftable stable 
disks with singular domain curves are embeddings whose images are classified as foUows: 

D^UD', D^UD", D'^UD'UD", 

where the pair {D\ D") can be any of the three. Note that the D'^U D'U D" case has two 
possibilities, according to which of the (— 2)-curves the disk intersects. 
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